Course Material on Probability Theory

Introduction

Define : An event is called random if its outcome cannot be predicted from its initial state.
For example tossing a coin whether its heads or tail or rolling of a a dice. Thus the outcome
of an event can be assigned chances (probability) of happening.

Example : For tossing of coin there is a chance of either heads coming as outcome or tails
.. chance of head or probability of head :

1 possible outcome (head)
P(head) = 1
(head) 2 possible total outcomes (head+tails) (1)

And for rolling a dice, chances of getting any given number, say 1 :

P(1) = 1 possible outcome (number 1 appears)
6 possible total outcomes (1,2,3,4,5,6)

(2)

Note that : P(head)+P(tail)=1 and P(1)+P(2)+P(3)+P(4)+P(5)+P(6)=1.
Generically : One defines the theoretical probability P of an event with outcome x; as :

number of outcomes of the event x;

P(x) = (3)

total number of events

Let us look at the case of 20 students in a class and let the event be the year of birth of the
student. Then given the tabulation of number of students born in each year :

1
1998 : 1 P(1998) = —

20
4

1999 : 4 P(1999) = —
20

8

2000 : 8 P(2000) = —
(2000) = -

6
2001 : 6 P(2001) = -

1
2002 : 1 P(2002) = -
(4)

Mutually exclusive events are those, such that given one particular event did occur, the
others could not have occurred.

Example: If head happens tails cannot happen or a student born in a particular year can
not be born in any other year.



Properties

Now the following is always true :

e Probability always satisfies :
0<P<1 ()
where P = 0 means impossible and P = 1 means certainty.

e > . P, =1, which means probability of any event (not a particular event) happening
= 1. Example : either head or tail or either getting result 1 — 6 in a dice roll.

e Probability of mutually exclusive events add and probability of same vent multiply.
Example : if we have 2 coin tosses then the probability of getting both heads is :

1 event i.e. getting both heads : HH
4 outcomes (HH, HT, TH, TT)

= chances of head in 1st toss x chances of head in 2nd toss
1 " 1 (6)
272

while if we want to calculate the probability of 1 head in two coin tosses :

HT or TH, 2 chances

P(1 heads) =
(1 heads) = o nes (I, BT, TH, TT)
1 1
= Z_l(H first and then T) + Z(T first and then H)
1
=3 (7)

Till now we have only discusses discrete variables. Probability can also be defined for con-
tinuous variables, which can be understood as limit of discrete variables. As an example
take the case of sum of outcome of 2— dice throws :



1
P(l+1=2)=—

36 ,
P(1+2/2+1:3):%
P(1+3/2+2/3+1:4):%
P(1+4/2+3/3+2/4+1:5):%
P(1+5/2+4/3+3/4—|—2/5+1:6):%
P(1+6/2+5/3+4/4+3/5+2/6+1:7):%
P(2+6/3+5/4+4/5+3/6+2:8):%

4
P(3+6/4+5/5+4/6+3=9)= o

P(4+6/5+5/6+4—10)—%
2
P(5+6/6+5=11) = —
(5+6/6+ ) =35
1
P(6+6=12) = —
(6 + ) =35

(8)

Thus for discrete variables, probability P(z;) = p; > 0 for random variable x where x takes
value z; due to an event.

Probability for continuous variables

Similar to the above case, for continuous variables (random) one can define a distribution
function f(x) which will give the chance of the variable.

This is defined as follows : If say + < X < x 4 dx where dx is small, which is to say
the random variable X lies in the range (z,z + dz), the probability of P(z < X < 2 +
dz) = f;erz f(x)dx ~ f(X)dzx. For the discrete example of rolling od two dices above we
immediately see : X be 6 i.e. sum of outcomes = 6

z+dz
.'.P(xgﬁgx—i-dx):/ f(x)dx:% let x=6 — € and dz = 2¢

6+¢ 5

=>P(6—6§6§6+6):P_I)n0 - f(x)da::%



This is only true if f(x) ~ %5 (x—6). This gives a simple way of writing probability function
which in the case of sum of outcome of two dices give:

@) = %[5(3; S b —12)] + %[5@; C ) 46— 11)] + %[5@ —4) 4 6z — 10)]
415 = 5)+ 8z — 9)] + - [5(x — 6) + 6z — 8)] + -6(z ) (10)

where we see that P(z;) = f;iﬁ f(z)dz. f(z) is called the probability distribution function

and for discrete case it is easy to see, its given by sum 0 function. If x can take any value,
not necessarily discrete,we have the generalization:

P(z;)>0— f(x) >0

ZP(:@) =1— /f(x)dx
l (1)

Using these basic definitions one can now do most things which we did for discrete variables.
As an application we have Quantum Mechanics. In Quantum Mechanics we look at say
position variable which is taken as a random variable i.e. for a given particle if one makes
many measurements, one will get random outcomes of x (position) and the probability
distribution function f(x) tells us the probability that the measurement of x lies between x
and x + dzx. Let us do an example, say f(z) = Ne=% for 0 < z < oo be the probability
distribution function of a quantum particle, then :

/ f@)dz=1=P(0 <z < o0)
0
which is the total probability of finding the particle as it must be inside (0, c0)
= / Ne “dr =1
0

2% |00
a

e
:>N_2 =1

0
N 2
=21 n="2
2 a
(12)

Thus N has to be chosen such that the total probability of the particle being in the allowed

domain is 1, i.e. particle has to exist somewhere in the given domain. Hence we obtain the
2

normalized probability distribution function f(z) = Ee’% for 0 < x < oo. From this we can

obtain the probability of finding the particle in the interval [z, x5], which is :
=Pl <z <) = / e %dr (13)

i.e. chance that x will lie between [z, x]. This means that when we make large number of
measurements NV, then only in certain cases say N’ among them will z lie between [z1, 23],
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for other cases it will lie outside. Hence :
NI
<z < = 1i —
P(z; < x < z9) A}l_fgo N (14)

and we will observe that as N — oo, N' — P(x; <z < 29)N

The Average Value

The average value of the random variable is given by :(z) = > . x;p;. Let us compute the
average year of birth of students born in a class with the following data :

1998 — 1 student, 1999 — 4 students, 2000 — 8 students, 2001 — 6 students, 2002 — 1 student

From which we calculate :
P(1998) — -, P(1999) = -, P(2000) = —, P(2001) = >, P(2002) — —
20’ 20’ 20’ 20’ 20

Then the average year of birth is :

1 4 8 6 1
1998><%+1999x%+2000x2—0+2001x%+2002x%

1
= %(1 X 1998 +4 x 1999 + 8 x 2000 + 6 x 2001 + 1 x 2002)
1
:NZ% (15)

where each out come of the event (year of student’s birth) is either countd separately or each
outcome is assigned multiplicities with which it occurs.
For the discrete case of sum of 2 dices, the average outcome is :

1 9 3 4 5
Zi:xp X3p T3 X gg TAX g TO X35 TOx 55
6 5 4 3 9 1
Tx 2 8% L1 0x = 4 10x 2 411 x = +12x —
TIX g ToX gt X g T X gg M X ggtla X op

= [ el boe —2) 4 6w~ 12] + ool —8) + e — 11)] + 2[5~ 4 + oz~ 10)

36 36 36
(5 = 5) + 3 — 9)] + i [3x — )+ 6(z — )] + 1ei(x — 7)

_ /013 o f ()de

where we have gone from the discrete to continuous variable x, using the delta function.
Thus we automatically find the generalization of the mean or average value of the random
variable using the distribution function :

b
(T)(ap) = / xf(xr)dr average value in a given region (a,b)

(16)



or over the entire support (support is the range of values the random variable can take) of
the random variable x :

(T total = / ta:f@)dm (18)

2

Let us do an example : for given f(z) = %e’ @, the mean of the random variable z is

computed over the support (0, 00) :

2xe2a|® 2 [®e %
_ 2ze _ _/ e o
a —= | alo —=
a
=3 (19)

One can define something called the ”"deviation” which is the difference of the random
variable from the mean : v; = z; — (x). Obviously : (v) = >, vip; = > .(x; — (x))p; =
> xipi — (z) >, pi = 0. Or analogously over continuous variables :

W) = / (o= oD f(a)da

where we have taken (x) outside the integral since its a constant. More importantly one
can define a quantity which tells how some random variable is spread called the standard
deviation :

(20)

= > (@i — (2)); (21)

where in the second equality the counting of the sum is over each event/value of random
variable separately and the third equality is when we rewrite it using the probability of
occurrence of each event/random variable. Now it is easy to check that :

ot = Z(%’ —(2))’pi

= Z(%sz — 2z (x)p; + (x)°p;)

= (2%) — 2{z){z) + (2)’

~



While for continuous distributions analogously we have:

7= [(@= @) (23)

Transformation between variables

Now say there is another random variable y = ax + b related to x, where a, b are constants :

o t@de=1 [ gy =1 (24)

where ” support 7 and ” support’ 7 are the domain over which the integration is defined, i.e.
the values the two random variables x and y take. Hence using the transformation:

)

/ glax +b)d(ax +b) =1
support’

= g(ax + b)adz = / f(z)dz

support support

(25)

Comparing we have g(ax + b)adr = f(x)dz. This gives the relation between the probability
measure. This can also be seen from the notion of infinitesimal probability in an interval.
Note that the probability of the value of the random variable y to lie in the range [y, y" +
Ay| = [ax’+b, a(x'+Ax)+b] is the same if the random variable z lies in the range |2/, 2’ + Ax]
simply because for each value of the random varaible x there is an unique value of the random
varaible y and when ever x takes value in this range y takes value in the corresponding range
related by the linear transformation. Hence we must have:

' +Ax+b '+ Az
/ g(ax + b)adz = / f(z)dx (26)

/ .Tl

Taking Ax small and using Mean value theorem :
glaz’ + b)aAzx ~ f(2')Ax (27)

Which shows the equality of infinitesimal probability under linear transformation. Now the
mean (y) is then for say = € (—o0, 00)

(y) = /_ N yg(y)dy

o0

= /_OO (ax + b)g(ax + b)d(ax + b)

o0

= /_OO (ax +b) f(x)dx

oo

=a(z)+b (28)



Similarly for variance we have :

= a’o? (29)

We can have cases where we have a non linear but monotonic/one-one map between two
random variable. Let us do an example : if the normalized probability distribution of the

random variable x € (0, 00) is given by f(z) = %6_23 and given y = 22 a monotonic map,

2 e 2 d
= / —e_QEd[I; = / —e_gg—y (30)
0 0

a a 2y

which means the probability measure for y is given by : #56_2711. This can also be seen from
the fact that since this is a monotonic map we have the consequence that if x € [/, 2’ + Az]
we must y € [2/2, (' + Az)?] , hence the probability of the random variables to occur within

the given interval must be same :

y' +Ay 242z Az ' +Ax
dy = dy = d 31
[ swar= [ = [ s (31)

/ 12 /

where in the upper limit we have used y' + Ay ~ 2> + 22’Az by keeping first order of
(z + Az)?. Then using the Mean value theorem for infinitesimal Az :

9(y) Ay = f(a') Az
= g(y')22' Az = f(2") Az

o) =12 =y

(32)

Thus it is important to incorporate the Jacobian of transformation coming from the change
of variables in the integration while defining the new probability density function.

Examples of Distribution functions

The Gaussian Distribution functions

We define the Normalized Gaussian distribution as follows:

1 _(a—w)?

f(%; 122 U) = We 202 (33>
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e To check normalization :

_(e=w)?
20‘2 dx

0 1
e
/—oo V2mo?

—~
3

q
~

1 (2=z)? (x—u)

= —=e d| —

e VT V20
<1 2

= 2/ —e Udt

o VT

1 /°° _, dw
= — € _—
VT Jo Vw
1 o
= — w%_le_“’dw

7 Jy

2 =w

(34)

e Now let us check the mean of this given distribution :

(x) / e
€ = €T e 20 xr
o V2mo?

/°°< ) 1 _(x—éﬂd N /°° 1 _(x—g)“’d
= T — e 22 dx e 22 dx
—o0 : V2mo? 2 —o0 V2mo?
* 1 +2
= t e 202 +
/_oo Vimo a
= p (35)
e Square of the standard deviation (variance):
(=)= (%) — (@)’

o 1 _(@-w?
:/oo(m—<m>)2 _27“726 202 dx

=402 | P2—ePdt, 2 =uw

4o% [ dw

—w

IV AW

20‘2 & 3 1

= — w? e “Ydw

VT Jo

_EFS 20711 )

=7 (5) = ﬁgF(g) =0 (36)

1. Plot the Gaussian distribution, pointing out the values of the function at x = u £+ no
forn=20,1,2.



Binomial Distribution function

Let a random variable X be number of successes in n € natural numbers, repeated inde-
pendent trials, then the probability of k successes in n trials where p is the probability of
success and (1 — p) the probability of failure = "Cyp*(1 — p)"~*. Here k successes occur with
probability p* and n — k failure with probability (1 — p)"~*. However there are "C} ways of
distributing k successes in a sequence on n trials. Note that the above is the k' binomial
coefficient of (p + (1 — p))" expansion. Hence the name.

Examples: The probability for getting £ = 0,1,...,6 heads in 6 trials for an unbiased
coin. Here p = %

(37)
and so on. If say the coin in biased and p = 0.3 for heads, we have:
P(0) = °Cy(0.3)°(0.7)°
P(1) =5C(0.3)'(0.7)°
(38)

and so on.

e Let us compute the mean for this distribution :
(x) = Z%’pi (39)
=0

Here z; = k the number of successes and p; = P(k). Then mean :

k=0

k=0
. n(n - 1)! k—1 n—1—k+1
= pp”(L—p
kz:;(n—l—k—i—l)!(k—l)! ( )

=np(p+1—p)" ' =np (40)



e Now let us calculate the variance :

Wy = e,

k2n! .
=2 (n— k)!k!pk(l -

I
=

! k; (n—1 ﬁplinJr_l;!)(!k - 1)!pk_1(1 —p*

S By 1

=nn—1p*(p+1—p)" > +np
=np +n(n—1)p°

(41)
Thus o? or variance is given :
P =)= )
= np +n(n = 1)p* — (np)?
= np(l —p)
(42)

Special case : If we take n — oo and p — 0 with np = p, fixed i.e. the mean is kept fixed
then : (k= x here and 0 < 2 < 00)

lim "C.p*(1—p)° (43)

n—o0;p—0

for large n we have In(n!) - nlnn—n , In(n —z)! — (n — ) In(n — x) — (n — x), using the
Stirling approximation :
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n! en Inn—n

(’I’L _ ZL‘)' ~ e(n—z)In(n—z)—(n—z)

n,—n

(44)
Now since n >> x in this limit we can write above as:

() (D) () .

where we have used the fact that
A
lim 1+2) ~er (46)
A—large number A

Again :

(I—-p)"" = (1 - @)H

n

= lim (1 — H) n>>z

n—o0;p—0;pn=p n
=eH (47)
gathering terms :
lim  "Cp*(1 —p)* — D o = Homn (48)
n—$00;p—+00 x! x!

The above is called the Poisson distribution function and is the large number limit of the
binomial distribution. We can check the following statements regarding this distribution
then :
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e Normalization :

e Mean :

where the first term in the series is zero hence the sum starts from x = 1.

e Variance ,02 :

=0 =0
:e_p' M—x
|
— !
=e¢ Htet =1
i YT
u [l
€ Zxxl
=0
i T
_ [all
€ Zxxl
r=1
T
—ery
_ |
le(:r; 1)
o0 M:tl
—
- ’“‘Z(I—m
r=1
=pe e =p=lim

lim

n—o00;p—0

np(1 —p)

n—o00;p—0;np=p

= lmp —pp = p
p—0

Hence we see that mean and variance are the same.

e We can also take the continuous limit of z. Then :

P(z) =

Again we can check the mean:

pre
['(z+1)

@ =/

13

zu*e

F(z+1)

dx

np

z! = Gamma(z + 1)

(49)

(50)

(51)

(52)

(53)



Note that :

d x
pprer = )
dp
- Mi(/fe‘“) + ppte ™
dp
(54)
Plugging this in the integral we obtain :
/°° {u%(u’”e“) - uu’”‘f”} dz
0 [(x+1)
d < pte < pteH
= — —d ——d
M [/ D+ 1) } “‘/o D+
d
= u—I(1 1) = 55
(1) + (1) = (5)
similarly calculate o2
Lorentzian
We define the Normalized Lorentzian distribution as follows:
1 72
) _ 56
o Normalization:
[e's] [e'e} 1 72
. — dr—
[y = [ e o]
1 [ 1 T —x
= ;/ T +1d( . 0)
o0 R
= ltan’1 <$ _ xo) ‘
T v .
Y (57)
T2 27
e Mean :
1 & 2
= d
@) Ty _oox{(l‘—xo)“rv?} )
1 [e’e} 72 1 0 72
= — — d(x — — d
™y foo(x 7o) [(95 — x0)? +72} (v =20) + ™ /oox {(z —x9)% + 72 !
(58)
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The first term is zero because its an odd integral and the integral in the second term
gives xg using the normalization condition. But this is a bit misleading since the
integral is not pice-wise finite under splitting at any point on the real axis. Hence in
the proper sense the mean is not defined.

e Variance :

- tp) = [ ardt | LR

o ™Y (@ —20)® + 72

_1/” dxl(m_x0)2+72—72]

(x — 20)? + 2
v [(@ = 20)® + 97 7/‘” -
= - d — d
7T/Oo xl(x—xo)z—l—vQ +7T . v (x — )% + 72

(59)

As is evident the first integral is undefined and hence in this case o does not exist.
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